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Introduction. The accelerating deterioration of our environments due 

to our activities is now attracting more and more attention. Waste 

products pollute the air, the waters, the land, and even the moon. 

Overpopulation is another polluting threat. Yet the primary attention 

given to these polluting activities is directed to the more or less 

immediate causes rather than primary causes. One primary cause of the 

irresponsibility we demonstrate lies in the establishments of attitudes, 

habits, goals, and philosophies. This may be called mind pollution. 

In the U.S.A., for example, much has been said about the detrimental 

effects of cigarette smoking. Yet despite the mild measures against 

the spread of this habit, the tobacco companies have managed by innuendo 

and spurious advertising to boost their sales. Every cigarette vending 

machine accessible to the public is a de-facto violation of the laws 

against selling cigarettes to minors. Yet we condone this illegal 

activity. Why? 

There are many obvious manifestations of attitudes which con- 

tribute to the pollution of the environment. For example, in the 

1960 presidential election in the U.S.A. one prominent issue was in- 

crease of the gross national product. As an objective increasing 

the gross national product is presumably reasonable for developing 

countries, but in the U.S.A. it must be considered unethical and even 

immoral. The profit motive has now been completely oversold. The 

number of associations, unions, and corporate units which accept this 
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motive as a  primary one has  increased  alarmingly.  Each measures suc- 

c e s s  by money r a t h e r  than  by c o n t r i b u t i o n  t o  t h e  common good. A man 

who accumlates g r e a t  weal th but  pays no t a x e s  and e f f e c t i v e l y  con- 

t r i b u t e s  nothing i s  an  o b j e c t  of envy r a t h e r  than  scorn.  An e x c e l l e n t  

t eache r  who c o n t r i b u t e s  much b u t  i s  paid l i t t l e  i s  an  ob jec t  of neg lec t .  

Why? I f  t h e  va lues  p r i zed  i n  a  n a t i o n  a r e  t hose  which a r e  a g a i n s t  i t s  

popu la t ion ' s  i n t e r e s t s , i t  i s  only a  ma t t e r  of t ime be fo re  i t  w i l l  

r e ap  t h e  ha rves t  i t  dese rves ,  

Now it  might be thought t h a t  t h e r e  a r e  many a r e a s  of human en- 
which 

deavor and a c t i ~ i t ~ / ~ r o v i d e  models of improved behavior .  Y e t ,  they 

a r e  comparatively few i n  number, even those  wi th  e x p l i c i t l y  adve r t i s ed  

h igh  i d e a l s  f a l l i n g  f a r  s h o r t  of t h e i r  presumed goa l s .  Thus t h e  

medical and l e g a l  p ro fe s s ions  wi th  t h e i r  proclaimed h igh  i d e a l s  o f t e n  

t a k e  concerted a c t i o n  a g a i n s t  t h e  pub l i c  i n t e r e s t s .  The improvement 

of h e a l t h  and j u s t i c e  has  become, i n  e f f e c t ,  s i d e  shows t o  d i r e c t  t h e  

pub l i c  a t t e n t i o n  from t h e  acceptance by t h e s e  p ro fe s s ions  of t h e  pro- 

f i t  motive. 

U n t i l  r e c e n t  yea r s  s c i e n t i s t s  managed t o  p r o j e c t  a  pub l i c  image 

of h igh  i d e a l s .  It has  now become evident  t h a t  t h e  s c i e n t i f i c  organi- 

z a t i o n s  a r e  a l s o  t a i n t e d  w i t h  exaggerated s e l f - i n t e r e s t  and t h a t  

s c i e n t i s t s  and engineers  a r e  o f t e n  t h e  means by which p o l l u t i o n  is  

promoted. Who, f o r  example, has  t h e  r i g h t  t o  a l t e r  t h e  Van Allen b e l t  

by s e t t i n g  of f  hydrogen bombs? To whom does o i l ,  being consumed s o  

w a s t e f u l l y  without  replacement r e a l l y  belong? 

Rel ig ious  i n s t i t u t i o n s  have f a i l e d  t o  demonstrate  adequacy f o r  

t h e  t i m e s .  I n  t h i s  c a s e  t h e  l u s t  f o r  power has indeed cor rupted  t h e  

c l e r i c s ,  who seemingly s a n c t i f y  a l l  k inds  of i n j u s t i c e s  i f  done i n  t h e  

name of God. O f  course ,  we might w e l l  ag ree  t h a t  t h e r e  a r e  many guide- 



l i n e s  f o r  improvement of behavior  i n  t h e  b a s i c  t e n e t s  of many re -  

l i g i o n s .  However, t h e  mi rac l e s  produced by s c i e n t i s t s  and engineers  

overshadow t h o s e  produced o r  claimed by r e l i g i o n s .  P s y c h i a t r i s t s  t r y  

t o  c a s t  ou t  d e v i l s  and c o l l e c t  more f o r  t h e  a t t empt s  than  most minis- 

t e r s  and p r i e s t s .  The s p e c t a c l e s  of s p o r t s  a rouse  more enthusiasm 

than  r e l i g i o u s  o rgan iza t ions  seem a b l e  t o .  This  may be because t h e  

s a c r i f i c e s  r equ i r ed  of p a r t i c i p a n t s  a r e  obvious and because t h e  spec- 

t a t o r s  assume a mood of p a r t i c i p a t i o n  and p a r t i s a n s h i p .  

U n i v e r s i t i e s  and i n s t i t u t i o n s  of h igher  l e a r n i n g  have been assumed 

t o  r ep re sen t  t h e  b e s t  i n  th inking  and teaching .  Yet t h e  goa l s  f o r  

t h e s e  have l e d  t o  extremes of s p e c i a l i z a t i o n  and t o  d i s r ega rd  t h e  

process  of educat ing.  The improvement of educa t ion  i n  r e c e n t  yea r s  

has  been almost n e g l i g i b l e  compared t o  t h e  o p p o r t u n i t i e s .  I n  f a c t ,  

many r e c e n t l y  e s t a b l i s h e d  p r a c t i c e s  seem de t r imen ta l  t o  proper  educa- 

t i o n .  

I n  t h i s  essay ,  I concen t r a t e  i n  one important  a spec t  of mind 

p o l l u t i o n ,  t h a t  of educa t ion  i n  mathematics. Now mathematics,  i n  con- 

t r a s t  t o  many o t h e r  a s p e c t s  of knowing, i s  b a s i c a l l y  s imple having been 

and being c r e a t e d  by people.  What I mean by say ing  mathematics is  

simple i s  t h a t  t h e r e  i s  no a r e a  of mathematics of which I am aware 

which could no t  be learned  dur ing  o r  be fo re  t h e  secondary school  l e v e l ,  

i f  i t  were conceded t o  be important  enough. Other a r e a s  such a s  

soc io logy ,  h i s t o r y ,  p o l i t i c a l  s c i ence ,  b io logy ,  psychology, law, and 

medicine have a s p e c t s  f o r  which adulthood may be  more important .  

Mathematics i s  t augh t  t o  every school  c h i l d  over  a number of years .  

Only t h e  s tudy  of language competes wi th  mathematics f o r  t h e  t ime it  

uses  i n  schools .  For t h i s  reason  i t  i s  important  t h a t  educat ion i n  

mathematics be  opt imal  and e f f e c t i v e .  



I find that the neglect of mathematics education is closely re- 

lated to the attitudes of professional mathematicians. I demonstrate 

here several instances of the failure of mathematicians to properly 

interpret the most important concepts of mathematics. I will also in- 

dicate some of the instances of abuses of terminology. My interpreta- 

tion of the actions needed to improve mathematics education cannot be 

said to have been tested or even considered by mathematics educators. 

The basic problem is to establish a cybernetic system which enables 

continuing progress in education on all levels. No rigid system of 

schooling can be adjustable enough to provide adequate educational 

opportunities. 

Failure of Mathematics Education 

A basic goal of mathematics education is to assure a level of 

understanding of mathematics--what it is, what it does, and what it 

fails now to do. Ask any baccalaureate degree holder with a major in 

mathematics what mathematics is. He will not be able to give a sensible 

answer, no matter how much time he is given. Ask a Ph.D. in mathematics 

the same question. He also will not know, or else he may reply with 

some nonsense statements like "mathematics is deductive science" or 

"mathematics is what mathematicians do." 

Is it reasonable that not even a Ph.D. in mathematics will know 

what a theorem or a proof is when every school teacher should know? I 

say it is not reasonable! It might be said that mathematics is too 

difficult to be presented in a meaningful way. I claim that the empha- 

sis on technical results has led to the anomaly that the understanding 

of mathematics has been left out of consideration. 



Chemistry and biology are inherently at least as difficult as 
/a 

mathematics. Yet,one year course in either chemistry or biology will 

give the student a better cultural view of these subjects than he can 

achieve now after years of study of mathematics. It is possible to do 

much better with mathematics. 

What is wrong with the present education in mathematics? The 

general ideas which relate mathematics to other human activities not 

only are not taught, they are not known! There are no effective pre- 
a 

sentations of mathematics as/whole. Its structure is not outlined. 

Concepts which could have significance beyond mathematics are trivial- 

ized so as to be merely of mathematical interest. Big ideas are re- 

duced to the ashes of axiomatics. General principles and approaches 

which provide patterns for details are simply omitted. 

Functions and Binary Relations. 

I choose first to present spectacular instance of the separation 

of mathematics from reality by the consistent abuse of one of its most 

important concepts--"function." So important functions are deemed 

that some mathematicians have recommended that they be made a basis 

for all mathematics. Various forms of definitions have been proposed 

no one of which is particularly useful in dealing with functions. Cer- 

tain textbooks suggest "transformation" and "map" or "mapping" as 

synonyms for "function." Some years ago I realized that "transformer" 

and "mapper" are better for the purpose in some contexts. 

Suddenly, one evening in March, 1970, after giving a lecture on 

computer science, it occurred to me that a function corresponds to a 

verb of a special kind. Thus y = f(x) can be diagrammed as  XIÂ£] or 



xfy  i n  which x i s  t h e  nominative, f  i s  t h e  verb ,  and y i s  t h e  

o b j e c t ,  d i r e c t  o r  i n d i r e c t  of t h e  verb .  The p r a c t i c e  of w r i t i n g  a  

b ina ry  r e l a t i o n  i n  t h e  form xRy, "x i s  r e l a t e d  t o  y" i n d i c a t e s  t h e  

sen tence  diagram of b ina ry  r e l a t i o n s .  

I n  speaking of f u n c t i o n s  t h e  va r ious  s ta tements  "x goes i n t o  y", 

I! x  becomes y", "x determines y", "x i s  l a b e l l e d  y", and "x i s  repre-  

sen ted  by y" shows t h a t  t h e  func t ion  i s  u s u a l l y  considered a s  a  verb  

i n  t h e  p re sen t  t e n s e o  

I have t r i e d  t h i s  i n t e r p r e t a t i o n  of func t ion  on a  number of 

mathematicians.  They have, without  except ion ,  agreed t h a t  i t  i s  

s u p e r i o r ,  conceptua l ly ,  t o  t h e  previous i n t e r p r e t a t i o n .  Now I ask:  

How have people f o r  such a  long period of t ime (near ly  200 yea r s )  who 

I I knew" what ve rbs  and f u n c t i o n s  a r e 2 n o t  recognize  t h i s  now obvious 

comparison? It appears  t h a t  we have been mesmerized i n t o  accept ing  

t h e  s e p a r a t i o n  of mathematical concepts from those  i n  o t h e r  a r e a s ,  

i n  p a r t i c ~ l a r ~ l a n g u a g e .  We have been i n h i b i t e d  from recognizing 

p a t t e r n s  which should have been obvious, mathematics i s  s p l i t  from 

i n t e r a c t i o n  wi th  o the r  a r e a s .  

Since t h i s  example i s  so  i l l u m i n a t i n g , I  pursue i t  f u r t h e r .  The 

p re sen t  t e n s e  o r d i n a r i l y  used suggested us ing  o t h e r  sen tence  forms. 

Consider then  "x w i l l  go i n t o  y ( a t  a  l a t e r  t ime)",  "x went i n t o  y", 

"x w i l l  have determined y "  "x might be represented  by y "  "x should 

go i n t o  y "  "x ought t o  become y", "probably x w i l l  go i n t o  y", and you 

w i l l  have a  v a r i e t y  of ways of t h ink ing  of func t ions  no t  a l l  of which 

have mathematical models now. The impera t ive  and cond i t i ona l  impera- 

t i v e  modes of sen tences  correspond t o  t h e  c o n t r o l l i n g  devices  of com- 

put ing .  A c o n t r o l  f u n c t i o n  i s  one which t e l l s  o t h e r  f u n c t i o n s  when t o  

a c t  and on what. The program formats  DO, LET, GO TO, IF---THEN show 



t h e  impera t ive  and cond i t i ona l  impera t ive  a s p e c t s  of t h e  c o n t r o l  of 

computers. 

The c a p a b i l i t y  of computers t o  " learn" is based i n  implementation 

of t h e  IF---THEN commands. I b e l i e v e  t h a t  an  e f f e c t i v e  theory of com- 

p u t e r s  can now be based on func t ions  and r e l a t i o n s ,  t h e  r e l a t i o n s  

being t h e  s t a t e  of t h e  machine a t  a given c y c l e  time and t h e  func t ions  

c a r r y i n g  one r e l a t i o n  i n t o  t h e  next  r e l a t i o n  o r  s t a t e .  

A computer, i n c i d e n t a l l y  i s  a t ransformer ,not  a t ransformat ion;  a 

mapper, n o t  a mapping. The confusion of t h e  ob jec t  of t h e  sen tence  

wi th  t h e  ve rb  i s ,  most r e g r e t a b l y ,  s tandard  p r a c t i c e .  A u n i v e r s i t y  i s  

a ( p a r t i a l )  t ransformer  of s t u d e n t s ,  i t  is n o t  a t ransformat ion .  

The l e s s o n  t o  be drawn from t h e  above example i s  obvious. A most 

important  concept of mathematics has  never  been wel l - t rea ted .  How many 

more such f i a s c o e s  a r e  t h e r e ?  I can mention a few he re .  Funct ions 

which a s s o c i a t e  s e t s  w i th  s e t s  a r e  everywhere i n  mathematics. The use  

of f u n c t i o n  n o t a t i o n  would g r e a t l y  s imp l i fy  many of t h e  ope ra t ions  now 

achieved c lumsi ly ,but  t h e r e  i s  a s t r a n g e  taboo a g a i n s t  us ing  t h e  nota- 

t i o n .  I n  topology,  f o r  example, c l o s u r e ,  i n t e r i o r ,  boundary, and 

complement i n d i c a t e  set-valued se t - func t ions .  Moreover, t h e  func t ion  

which a s s o c i a t e s  w i t h  each po in t  t h e  s e t  of a l l  i t s  neighborhoods has  

va lues  which a r e  c o l l e c t i o n s  of s e t s !  

I n  concluding t h i s  s e c t i o n  l e t  m e  t a k e  another  example from 

b ina ry  r e l a t i o n s .  T r a n s i t i v e  b ina ry  r e l a t i o n s  a r e  very  s p e c i a l  k inds  

of b ina ry  r e l a t i o n s  important  i n  a l l  of mathematics. That they  a r e  

r a t h e r  rare on r e a d i l y  be seen by cons ider ing  graphs of func t ions  o r  by 

cons ider ing  almost any p l ana r  f i g u r e  a s  a b ina ry  r e l a t i o n  i n  t h e  set 

of r e a l  numbers. Y e t  t h e r e  i s  a s u p e r s t i t i o n ,  which permeates t h e  



mathematical texts and treatise that transitive relations are too - 

general for study. Worse, it has been stated that lattices,which are 

special kinds of reflexive antisymmetric transitive relations, are 

almost too general to be considered mathematical objects. This cbm- 

prises mind pollution! 

In the common languages, comparative adjectives applied appropri- 

ately indicate transitive relations which are usually not reflexive 

and not antisymmetric. Yet they yield order relations. The terminology 

of order relations would do credit to a cabalistic society but is unfit 

for education. This is another phase of mathematics education which 

could be grossly improved. Terminology should not consistently be 

against reason. For example, a strict order relation must be an order 

relation if we are to use language properly. Yet it is not in the 

treatises and texts of mathematics in general. In many uses it appears 

as if the terminology were deliberately chosen to be confusing. If 

making mathematics as clear as we can shows it to be trivial, which I 

doubt, then it is trivial. Only by clearing away the misinterpretations 

by which issues have been befoggedcan weglimpse the deeper mysteries 

beneath. 

Filters and neighborhoods. 

For years I have struggled with the concept of "neighborhood" 

trying to find out what it means basically--i.e. to the non-topologists. 

Finally I arrived at the following interpretation. The neighborhoods 

of an objective are the conditions which must be met to achieve the 

objective. Thus neighborhoods protect an objective from trivial attain- 

ment. For example, to achieve a B . S .  degree in a university the stu- 

dent must meet stated conditions which are the neighborhoods of the 



degree.  I f  he meets a l l  cond i t i ons  he has  converged i . e .  he g e t s  t h e  

degree.  This  concep tua l i za t ion  of "neighborhood" i s  simple,  i t  can be 

explained t o  c h i l d r e n  and i t  r e l a t e s  t h e  topo log ica l  concept t o  a much 

wider range of human a c t i v i t i e s .  Now, i n  t h e  p re sen t  s t a t e  of educa- 

t i o n  you w i l l  never s e e  such a  s imple and non-technical  d i scuss ion  of 

neighborhood. I f  topology i s  made t r i v i a l  by such i n t e r p r e t a t i o n s ,  

topology i s  t r i v i a l .  The f i l l i n g  of minds wi th  t e c h n i c a l  concepts  

without  e s t a b l i s h i n g  i t s  r e l a t i o n s h i p  i s  a  form of p o l l u t i o n .  Topology 

would be much more u s e f u l  i f  more people understood i t  i n  t h e i r  terms. 

I once read a  t e c h n i c a l  d e f i n i t i o n  of " f i l t e r "  i n  a  topology t e x t .  

It w a s  no t  s a t i s f a c t o r y  t o  me, so  I asked s e v e r a l  t o p o l o g i s t s  "how do 

topology f i l t e r s  f i l t e r ? "  They d i d  no t  know! I decided then  t o  d e f i n e  

f i l t e r s  myself by cons ider ing  t h e  f i l t e r s  I knew a b o u t ~ p i p e  f i l t e r s ,  

chemistry f i l t e r s ,  a i r  f i l t e r s ,  and e l e c t r o n i c  f i l t e r s .  I then ,  i n  a  

few minutes ,  decided t h a t  a  f i l t e r  i n  a  s e t  is any device  which passes  

o r  does no t  pas s  each element i n  t h e  set. 

That i s  t o  say ,  a f i l t e r  i s  a  dev ice  which makes b inary  dec i s ions ,  

Now I emphasized t h e  device  s i n c e  i n  t h e  examples I had s e l e c t e d  t h e  

f i l t e r  was a  mechanism f o r  producing t h e  d e c i s i o n s ,  i t  was no t  t h e  r e -  

s u l t  of i t s  a p p l i c a t i o n .  I n  a  r a t h e r  s h o r t  t ime I had def ined  r e l a -  

t i o n a l  f i l t e r s  and learned  how t o  i n t e r p r e t  t h e  neighborhood f i l t e r s  

of topology. The c o l l e c t i o n  of a l l  neighborhoods of a  p o i n t  i s  c a l l e d  

t h e  neighborhood f i l t e r  of t h e  po in t  i n  topology. I ts f i l t e r i n g  a c t i o n  

is  t o  pas s  a l l  s e t s  which a r e  c l o s e  t o  t h e  po in t  ( t h e  po in t  i s  i n  t h e  

c l o s u r e  of each accepted s e t )  and t o  r e j e c t  a l l  o t h e r  s e t s .  I a sk  why 

do t o p o l o g i s t s  u s e  t h e  term f i l t e r  and d ivo rce  i t s  i n t e r p r e t a t i o n  from 

t h a t  of o t h e r  f i l t e r s ?  It i s  a g a i n s t  t h e  i n t e r e s t  of good educat ion t o  

u se  terms i n  t h i s  way. 



Now f i l t e r s  a s  I def ined  them become a uni fy ing  concept f o r  

mathematics and a l s o  have p r a c t i c a l  examples a c c e s s i b l e  everywhere. 

Equations a r e  f i l t e r s ,  i n e q u a l i t i e s  a r e  f i l t e r s ,  an  axiom system i s  a 

f i l t e r ,  d e f i n i t i o n s  a r e  f i l t e r s  and so on. I f e e l  most s t rong ly  t h a t  

by e a r l y  and repea ted  use  of such a gene ra l  concept ,  mathematics educa- 

t i o n  can be made more en joyable ,  t h e  I n t e r r e l a t i o n s h i p s  many numbers of 

concepts  and s t r u c t u r e s  prev ious ly  regarded a s  un re l a t ed  can be shown. 

Since I f i r s t  def ined  my concept of f i l t e r  i n  1967 i t  i s  reasonable  t o  

ask :  How many educa t iona l  o p p o r t u n i t i e s  have been missed? The answer, 

I b e l i e v e ,  i s  t h a t  t h e r e  a r e  many. Why was t h e  simple and gene ra l  de- 

f i n i t i o n  I have produced no t  given before?  I t h i n k  i t  i s  due t o  t h e  

low esteem i n  which p ro fe s s iona l  mathematicians hold understanding and 

educa t iono  

I cannot go i n t o  t h e  numbers of ca ses  i n  which f i l t e r s  appear and 

might be used t o  s i m p l i f y  educat ion.  Ari thmetic  ope ra t ions  can be in-  

t e r p r e t e d  a s  f i l t e r i n g  devices .  A system of l i n e a r  equat ions  i s  a 

f i l t e r  which i s  a conjunct ion  of f i l t e r s .  Solving exac t ly  t h e  system 

amounts t o  r e p l a c i n g  t h e  o r i g i n a l  f i l t e r  by a sequence of equiva len t  

f i l t e r s .  An equat ion  involv ing  square  r o o t s  i s  a f i l t e r .  This  f i l t e r  

i s  o f t e n  rep laced  by a coa r se r  f i l t e r  which accep t s  "extraneous" r o o t s  

from which must be passed through t h e  o r i g i n a l  f i l t e r  f o r  f i n a l  accep- 

tance.  A l l  through mathematics i n s t a n c e s  of f i l t e r s  occur .  I n  some 

p l aces  they  should be mentioned e x p l i c i t l y ,  i n  o t h e r s  perhaps they 

should n o t -  

My conclus ion  i s  t h a t  i f  mathematics i s  no t  worth understanding i t  

occupies  t oo  much t ime.  Much more work needs t o  ^e done on t h e  sense 

of mathematics. 



Information, Approximation, and Continuity 

Accessibility and inaccessibility are two of the big concepts re- 

lating activities in trade, science, education, governments, religions 

and what have you. Tradesmen seek access to markets at the same time 

trying to prevent access to their processes and techniques. Scientists 

seek access to the mysteries of the universe and so do religions. Edu- 

cation is designed to provide accessibility to certain forms of know- 

ledge--at the same time making other kinds inaccessible. In one in- 

terpretation mathematicians increase access to information by providing 

theorems, language, formulas, methods, and algorithms. 

One of the most useful kinds of activity in reducing "real systems" 

to mathematical systems is variously labelled as abstracting, modelling, 

or approximating. Thus the plane of geometry may be considered as 

abstraction or idealization of real surfaceso The advantages of using 

the geometrical entity are numerous. First, it approximates adequately 

many surfaces and it is a reasonable replacement. Next, it is simpler 

than any real surface and it is amendable to manipulation. For its 

proper uses the plane contains as little information or structure as 

possible. On the other hand imagining the plane to be comprised of 

points leads to an enormous number of configurations which had no known 

counterparts in reality. Some of these configurations then serve as 

design elements and from these man makes objects to approximate geo- 

metrical objects. Accordingly, there are not only mathematical models 

of real systems, there are also physical models of mathematical 

"objects." 

It is an unfortunate aspect of mathematics education that many 

pupils do not well experience this relationship between systems. Yet 



it is critical that the interactions between mathematics and other ac- 

tivities be clearly understood. 

Approximation theorists of modern vintage have confined the term 
I I approximation" to a very small area mainly in linear vector spaces 

endowed with norms. Yet the idea behind approximation has no need for 

such an esoteric background. After some years of considering the mat- 

ter, I have come up with the following approach. The result of an 

approximating process is the substitution of one entity for another, 

with the intention that the former shall play the same role in some 

regards as the latter. For example, oleomargarine is an approximation 

to butter when it is used as a substitute. 

One grievous error in interpreting approximations is to allow only 

good approximations. In the above example, I may consider oleomargarine 

as an approximation to butter without making any statement concerning 

how good it is as an approximation. To some people this approximation 

is bad, to others it is good (they use oleomargarine), and to others, 

oleomargarine is superior to butter~they like it better. Who is 

right? 

This same kind of error in making definitions applies to "art", 
I t  music", and "creativity" and many other terms. There is no way of 

defining well any one of these terms if the definitions attempt to weed 

out bad or poor examples as they always seem to. 

Let us now imagine another approximating process. The translating 

from one language to another of an article is an approximating process. 

If you say the translation is good, (i.e. it is a good approximation) 

then you have said that the translating was approximately continuous 

because it saved the (to you) important features. If someone else says 

the same translation is bad then he has another criterion. Continuity, 



I have decided, is dual to invarianceo Functions are continuous with 

respect to whatever they preserve or leave invariant. 

Now read one, two or one hundred discussions of approximation and 

continuity in any mathematics texts of your choice. Will you find any 

sensible discussion of the concepts? I have yet to see one which does. 

In education this means that important concepts are being ignored sim- 

ply because they have been severed from reality and preempted for in- 

vestigation of their technical and narrow applications. 

Certain concepts of mathematics do indeed depend upon a technical 

background of some depth. But an amazingly large number can be pre- 

sented on a very low technical level. Unless it is known which con- 

cepts can be learned early, how can mathematics education be satisfac- 

tory? The fundamentally poor attitude involved is that of disregard 

for the young and this is a result of mind pollution. 

Measures and Distances. ,- 

The temptation to lay down axiom systems to define certain math- 

ematical concepts is great. Since 1900 a large number of mathematical 

systems have been thus formalized. The advantages of axiom systems 

are well advertised. They provide, in a sense, basic generators or 

guidelines for the concept defined and thus provide a useful means of 

developing the underlying assumptions. 

The disadvantages of axiomatizations are less well understood. 

The process of selecting an axiom system is a process of inductive 

rather than deductive reasoning and it is therefore subject to the 

level of understanding which the producer of the axiom system possesses. 

For example, the current definition of a topological space via axioms 

would scarcely have been accepted if the matter had been given careful 



thought. 

The famous French mathematician Henri Lebesgue developed a gener- 

alization of the concepts of arc length, area, and volume. This de- 

finition was very well adapted to many problems of analysis. Later 

studies led to an axiomatic presentation of a natural extension of 

Lebesgue's definition. Unfortunately, the term "measure" was chosen 

for this axiomatically defined concept and now several text books have 

appeared in which this term is used in the sense of the axiomatization. 

This use is a clear case of pollution. The so-called measure 

theorists have a definition of "measure" which they cannot use properly 

in their own theory! Thus to every literate individual, an external 

or exterior measure must be a special kind of measure. But no! In 

measure theory an exterior measure is not usually a measure as defined. 

Projection measures important in measure theory are also not measures 

by definition! More important, however, is that the axiomatic defini- 

tion of measure excluded most of the important and known measures of 

mathematics. It is clear that the axiomatizers were not well-informed 

concerning the meanings of measure. For example, take the cardinal 

number of a set, the dimension of a space, the diameter of a set, the 

distance between a pair of points, the mean value of a function, the 

norm of a function or vector, and numbers of others. All these are - 
measures but none falls in the scope of measure theory. In fact, there 

are reasonable measures which satisfy none of the axioms presumed to 

define measures. 

How much better it would have been if that word had not been so 

ill treated. In this case, I consider that it is important to not let 

a small and evidently uninformed sector of mathematicians dictate the 

use of an important big concept. Is it any wonder that students on 
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whom this usage has been forced cannot grasp mathematics? 

Incidentally, I have written up a better definition of measure 

which does embrace most of the examples I know of. It is at a level 

which requires no technical background. Since "measure" properly 

treated is an illuminating and important concept,the carelessness of 

its treatment in measure theory can only be regarded as reprehensible. 

I would simply call the special concept "Lebesgue measure", thereby, 

giving it a much better name. 

Now distances are measures of separation or inaccessibility. The 

first widely accepted axiomatization of distance was given by M. 

~rgchet as a definition of a metric. Unfortunately this definition 

again did not embrace the distances known in mathematics at the time it 

was published. Moreover, there are distances in use in real life which 

satisfy none of the axioms, for example the net cost of going from one -- 
place to another can be negative and is not always symmetric, and 

satisfies no triangle law. Moreover, there are socially important dis- 

tances which are not conceptually real-valued. For example, the blood 

kinship "distance" is not real-valued, identical twins are zero dis- 

tance apart but are distinct, asymmetry is present, and the analogue of 

the triangle law fails! 

In this case I can see the reasoning behind the definition. The 

metric system of units is based, in part on the meter, a measure of 

distance. Moreover, the definition itself stimulated more thinking 

about geometric type distances then before. The damage here is not due 

to the term itself, it is that the assumption was made that distances 

were subsumed in metrics. In most dynamic applications of mathematics, 

asymmetry is the rule, not the exception. Banach following ~rgchet, 

defined norms to be symmetric, resulting in an inefficient development 



of approximation theory.  Yet Minkowski had e a r l i e r  proposed asymmetric 

norms based on convex s e t s .  I n  my exper ience ,  a p p l i c a t i o n s  of math- 

ematics  have been hampered by i n s i s t e n c e  on symmetric norms. M i s -  

d i r e c t i o n  due t o  m i s i n t e r p r e t a t i o n  i s  q u i t e  s tandard .  ~ r g c h e t  h imsel f ,  

i n c i d e n t a l l y ,  a l s o  t r e a t e d  asymmetric d i s t a n c e s  but  t h a t  work received 

l e s s  n o t i c e .  

My po in t  h e r e  is  t h a t  v i r t u a l l y  no mathematics t eache r  knows t h a t  

t h e r e  a r e  d i s t a n c e s  a l l  around which a r e  no t  me t r i c s .  I f  he d id  know 

it he could use  t h e  f a c t s  t o  e x c e l l e n t  advantage. 

Ideas  Concerning Mathematics Education. 

To t h i s  po in t  I have d iscussed  a  few concepts  of recognized im-  

por tance  i n  mathematics. Let me now cons ider  how t h e  system of educa- 

t i o n  f a l l s  s h o r t  i n  a  gene ra l  way. The o rde r  of d i f f i c u l t y  of sub- 

j e c t s  i n  mathematics seems t o  be roughly a s  fo l lows:  a l g e b r a ,  combina- 

t o r y  geometry, a r i t h m e t i c ,  i n f i n i t e s i m a l  geometry inc luding  a n a l y s i s  

and topology. Actua l ly  a r i t h m e t i c ,  t h e  way i t  i s  t augh t ,  may be more 

d i f f i c u l t  than  a n a l y s i s .  I r a t e  a l g e b r a s  a s  l e a s t  d i f f i c u l t  because 

t h e  axiom systems f o r  a lgeb ras  a r e  r e a d i l y  expressed i n  language. This  

i s  no t  t o  say  t h a t  t h e r e  a r e  n o t  unsolved problems and untouched 

branches of every a rea .  Geometry i s  d i f f i c u l t  because i t  has many 

concepts  which a r e  b a s i c a l l y  n o t  v e r b a l i z i b l e  such a s  angle ,  a r e a ,  

curve,  plane.  

Whether o r  n o t  a r i t h m e t i c  can b e  made e f f e c t i v e l y  l e s s  d i f f i c u l t ,  

I am n o t  c e r t a i n .  Teaching a r i t h m e t i c  w e l l  would seem t o  r e q u i r e  con- 

comitant i n s t r u c t i o n  i n  t h e  r e l e v a n t  a lgeb ras  and even a t  t h e  b e s t ,  i t  

involves  t h e  d i f f i c u l t  i d e a s  of r a t i o n a l  numbers i n  which t h e r e  i s  

a v a i l a b l e  a n  i n f i n i t e  s e t  of names f o r  each number. The a lgor i thms of 



a r i t h m e t i c  i n  themselves comprise a  formidable f e a t  of l ea rn ing .  

A c h i l d  s t a r t s  o f f  i n  a r i t h m e t i c  wi th  s e v e r a l  func t ions  of two 

v a r i a b l e s  (before  he has experienced t h e  perhaps l e s s  n a t u r a l  func- 

t i o n s  of one v a r i a b l e . )  He i s  compelled t o  be a  machine, doing 

th ings  f o r  which computers a r e  much more r e l i a b l e .  Boolean a r i t hme t i c  

is  n a t u r a l l y  e a s i e r  and t h e  use  of s e t  a lgeb ra  i s  one of t h e  more hope- 

f u l  a s p e c t s  of e a r l y  mathematics educa t ion .  Forms of geometry should 

appear e a r l y  i n  educa t ion .  I n  my e s t ima te  every h igh  school  graduate  

should have some i d e a  of 4-dimensional geometry and of 3-dimensional 

p r o j e c t i v e  geometry i f  on ly  t o  enable  him t o  u s e  space-time and t o  

understand b e t t e r  t h e  d i s t o r t i o n  of t h e  world through h i s  eyes.  

The u s e f u l  a s p e c t s  of l o g i c s  should unfold dur ing  t h e  schooling.  

P r o b a b i l i s t i c  models can be used e a r l y .  Funct ions,  r e l a t i o n s ,  and 

concepts  l i k e  f i l t e r s  should be woven i n t o  educat ion throughout.  Con- 

c e p t s  should be named more o r  l e s s  s imultaneously wi th  t h e  appearance 

of examples. It i s  t o  be noted he re  t h a t  semigroups and p a r t i a l  

groupoids appear e a r l i e r  than  groups i n  examples. Yet many a  Ph.D. 

i n  mathematics w i l l  no t  know what a  p a r t i a l  groupoid is .  Linear  

a lgebra  a l s o  abounds wi th  a lgeb ras  of which only  groups u s u a l l y  g e t  

mentioned , 

The c a l c u l u s  a s  i t  i s  y e t  taught  i s  an  i n t e l l e c t u a l  d i sg race  

d e s p i t e  t h e  f a c t  t h a t  i t  could se rve  a s  a  c a r r i e r  f o r  many r ecen t  con- 

cep t s .  I would n o t  n e c e s s a r i l y  f avo r  p u t t i n g  c a l c u l u s  i n  grade n ine  o r  

even l a t e r  i n  h igh  school  i n  i t s  p re sen t  form. However, some appl ica-  

t i o n s  of i n f i n i t i s t i c  mathematics might w e l l  be acqui red .  

The major and no t  p r e c i s e l y  def ined  o b j e c t i v e  I would suggest  i s  

t h a t  every i n d i v i d u a l  on r ece iv ing  a  h igh  school  diploma, have some 

understanding of mathematics a s  a  whole. This  i s  a  goa l  no t  achieved 



now in colleges or in graduate schools. All along the way in the 

educating process, the pupil should be made acquainted with the roles 

which mathematics plays and those it does not play. They should have 

some experience with creating mathematical systems (actually easy to 

acquire). Mathematics should be related to other areas consistently; in 

particular to language at the beginning. 

In the next section I will indicate the steps which should be 

taken to get mathematics education revitalized. My basic tenet is 

that general concepts are comparatively simple to grasp, becoming a 

good specialist is difficult, 

A Cybernetic System for Mathematics Education 

Since I have demonstrated several reasons for being skeptical 

about mathematics education let me now pursue the prospect of reforms. 

In the U.StAe I believe the burden for change must rest in computer 

scientists rather than on those with extensive classical mathematical 

training. In Western Europe the same role may be played by cybernetics 

and informatics. I see no indications that mathematicians will apply 

themselves to the task. 

The first step is to search out the structures of mathematics and 

when necessary to provide better terminology. This task may be called 

meta-mathematical. I have taken some initial steps in this direction 

and published a Chart of Elemental Mathematics. [5] This chart is 

crude but revisions with the help of others should be of great help in 

getting areas of mathematics sorted out. This work is necessary anyway 

if a reasonable information retrieval system for ^.~mputer science is 

to be devised. It could have multiple applicationso A simultaneous 

effort needs to be made to classify, organize, or even generate the 



gene ra l  concepts  of mathematics and t o  r e l a t e  them t o  o t h e r  a r e a s Ã  How 

should t h i s  f i r s t  p a r t  of t h e  work g e t  s t a r t e d ?  The answer is  t h a t  

t h e r e  i s  r equ i r ed  only  a few, from 5 t o  20 i n d i v i d u a l s  t o  make s i g n i f -  

i c a n t  progress .  A s  t h e s e  i n d i v i d u a l s  s t a r t  t o  produce r e p o r t s ,  support  

from o t h e r s  w i l l  be  forthcomingo 

I n  a comparat ively s h o r t  whi le  a f t e r  t h e  beginning of t h e  i n i t i a l  

e f f o r t ,  t h e  second s t e p  must be taken,,  This s t e p  w i l l  involve  wr i t i ng  

a book t o  i n c r e a s e  i n t e r e s t  e s p e c i a l l y  of t eache r s .  I n  t h i s  t h e  aims 

of t h e  i n i t i a l  t a s k  f o r c e  should be s e t  f o r t h  and some of t h e  cu r r en t  

f i nd ings  presented  wi th  g r e a t  c a r e ,  

Step t h r e e  i s  t h e  p u b l i c a t i o n  of a j ou rna l  on t h e  S t r u c t u r e  and 

Language of Mathematical Sciences.  This  j ou rna l  w i l l  s e r v e  t o  publ i sh  

pro jec ted  s t anda rds  before  t h e i r  submission. This w i l l  s e r v e  a s  a 

means of c a l l i n g  a t t e n t i o n  t o  t h e  problems and of g e t t i n g  a wider base 

of suppor t .  

Step f o u r  w i l l  t ake  t h e  form of an  i n t e r n a t i o n a l  o rgan iza t ion  

devoted t o  educa t ion  wi th  n a t i o n a l  branches. A t  t h i s  s t a g e ,  i t  i s  

foreseen  t h a t  i f  t h e  e a r l y  work i s  well-done, t h e r e  w i l l  be  a r a the r  

l a r g e  number of suppor t e r s .  The t a s k s  w i l l  now be increased  t o  in-  

c lude  f u l l  schedules  of educa t ion  i n  t h e  mathematical s c i ences  through 

co l l ege .  The b a s i c  i d e a  now i s  t o  have m a t e r i a l s  prepared wi th  support  

and cr i t ic i sm. ,  Every means of a s s u r i n g  b e t t e r  l e a r n i n g  both f o r  pup i l s  

and t e a c h e r s  w i l l  be  usedo  Achieving t h e  s t a t u s  of being permit ted t o  

w r i t e  a t e x t  w i l l  be  considered a very  unusual honor. I n  gene ra l ,  

s c h o l a r l y  t a s k  f o r c e s  w i l l  underwr i te  every ven tu re  i n  prepar ing  

m a t e r i a l s  and t e s t i n g  them. 

Now, f o r  t h e  cybe rne t i c  system t o  work, feedback must be used 

, quickly  on a l l  experiements and means of gaging successes  and f a i l u r e s  



be devised.  One blunder i n  U.S.A. i s  t h e  f a i l u r e  t o  prepare  t eache r s  

i n  c o l l e g e s  t o  t each  t h e  so-cal led new mathematics. This  e r r o r  must no t  

be repea ted .  Teachers should be prepared wi th  t h e  c a r e  which t h e  

r e s p o n s i b i l i t y  of t h e i r  work r e q u i r e s .  

However, s o  f a r  I mentioned only  undergraduates  and school  l e v e l s .  

Obviously, most c o l l e g e  p r o f e s s o r s  a r e  prepared i n  graduate  schools .  

Again t h e  p repa ra t ion  of such i n s t r u c t o r s  i s  c r i t i c a l .  Two courses  of 

a c t i o n  he re  may be open. One is  t o  e s t a b l i s h  i n  e x i s t i n g  u n i v e r s i t i e s  

a  graduate  program. Here outs tanding  computer s c i ence  departments i n  

U.S.A. a r e  t h e  b e s t  b e t .  The o t h e r  course  of a c t i o n  i s  t o  s t a r t  i n s t i -  

t u t e s  t o  provide  t h e  graduate  educa t ion  needed. The i d e a  i s  t o  not  

water down t h e  new approaches w i t h  o ld  ones.  

The a v a i l a b i l i t y  of good m a t e r i a l s  and of dedica ted  i n d i v i d u a l s  i s  

t h e  hope f o r  improvement. Now, t h e  s t e p s  I have suggested could lead  

t o  an  e f f e c t i v e  cybe rne t i c  system provided success  does no t  co r rup t  o r  

e a r l y  se tbacks  d iscourage .  

My sugges t ions  h e r e  do not  r e q u i r e  t h e  present  school  system. The 

b a s i c  i dea  i s  t o  l a y  a s e n s i b l e  b a s i s  f o r  educat ion i n  mathematical 

sc iences .  This  r e q u i r e s  a n  i n i t i a l  s tudy  f o r  depth of t h e  o v e r a l l  

s t r u c t u r e  and s o r t i n g  ou t  t h e  semantics  of mathematics. I f  t h e  cu r r en t  

a t t i t u d e s  toward educa t ion  cannot be a l t e r e d  i n  mathematics,  then I 

s e e  l i t t l e  prospec t  f o r  s u b s t a n t i a l l y  decreas ing  t h e  p o l l u t i o n  of minds. 
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